The main purposes of this paper are to investigate the existence and the uniqueness of a non-local problem for a linear parabolic equation + Σ &<(*, t)^L + C (x, t)u-*± = /(*, t)
, iV), the problem in question is to find a solution u of (1) satisfying the following conditions (2) u(x, t) = φ(x, t) on Γ, In Section 1 we establish the maximum principle associated with the problem described by (1), (2) and (3) . Theorem 1 leads immediately to the uniqueness of solution of the problem (1), (2) and (3) as well as to an estimate of the solution in terms of /, φ and Ψ. We also briefly discuss certain properties of the solutions related to the behaviour of the coefficients βi (i = 1, , N). In Theorem 5 of Section 2 we establish the existence of the solution in a bounded cylinder. The results are then applied to derive the existence and the uniqueness of solution of the nonlocal problem in an unbounded cylinder (Section 3). In Section 4 we establish an integral representation of solutions and give a construction of the solution of a non-local problem in R n X (0, T] with Ψ e L\R n ). In the last section we modify the condition (3) by replacing a finite sum by an infinite series and briefly discuss the uniqueness and the existence of solution of the resulting problem. Theorems of Sections 1 and 2 of this paper extend and improve earlier results obtained by Kerefov [3] and Vabishchevich [6] , where historical references can be found. They only considered the case N = 1. , n) and 9w/3ί (at t = Γ the derivative dujdt is understood as the left-hand derivative). LEMMA In the case Σ?=i βί(
Let D = Ω X (0,
Γ
Let u e C 21 (D) Π C(£>). Suppose that c(x, t)<0 on D and -1 < Σti βi(*) <0 on Ω and β^x) < 0 on Ω (i = 1, , N). If Lu<0 in D, u(x, t)>0 on Γ and u(x,
Hence u takes on a negative minimum at (x 0 , T fc ) e D. This contradiction completes the proof. 
Proof. We first suppose that -1 < -β 0 < Σtiβi( χ ) < 0 on β, where β 0 is a positive constant. It is clear that -e-(co/2)Γ * < Σf=i&0Φ~( Co/2)Γi < 0 on β and the estimate easily follows.
Theorem 1 and a classical maximum principle for solutions of parabolic equations allow us to compare a solution of the problem (1), (2) and (3) with a solution of an initial boundary value problem. 
In particular if β t = βi(x) (i = 1, , iV) where βl -> 0 uniformly as y -• oo for all /, then the corresponding sequence u v of solutions of the problem (1), (2) Proof. We put w(x, t) = u^x, t) -u 2 (x, f), then Lw = 0 in £), M;(X, ί) = 0 on Γ and
Since u 2 (x, t) > 0 on D, it follows from Lemma 1, that w(x, t) > 0 for all (*, 0 e D.
Lemma 1 yields the uniqueness of solutions of the problem (1), (2) and (3) under the assumptions that β t (x) < 0 (ί = 1, , N) and -1 < ΣίLi βi(x) < 0 on fl. Vabishchevich [6] pointed out, without giving anyproof, that in the case N = 1 the uniqueness can be proved under the assumption \β(x)\ < 1 on Ω. For the sake of completeness we include the proof of uniqueness under the assumption Σ?=o\βί( χ )\ < 1 on β. Moreover we assume that dΩ e C 2+α . THEOREM 
Let c(x, t) < -c 0 , where c 0 is a positive constant and assume that
Proof. We first assume that φ = 0 on Γ, then by the condition (A 3 ) Ψ(x) = 0 on dΩ. We try to find a solution in the form
where u(y, 0) is to be determined and G denotes the Green function for the operator L. The condition (3) leads to the Fredholm integral equa-tion of the second kind
Applying Theorem 4 it is easy to show that the corresponding homogeneous equation only has a trivial solution in L 2 (Ω). Hence there exists a unique solution u( , 0) in L\Ω) of the equation (7). Since Ψ(x) = 0 on dΩ, it follows from the properties of the Green function that u(-,0) e C(Ω) and u(x, 0) = 0 on dΩ. Consequently the formula (6) gives a solution in this case.
Suppose next φ^O, but assume that there exists a function Φ e C 2+a (D) such that Φ = φ on Γ. Introducing v = u -Φ we then immediately obtain, by the previous result, the existence of a solution v to Lυ = f -LΦ which vanishes on Γ and satisfies the condition
for all xe Ω. Then assertions for u then follow.
We finally consider the general case, where φ is only assumed to be continuous. By Theorem 2 in Friedman [2] on Ω.
By Theorem 1 (the inequality (4)) the sequence u m (x 9 1) is uniformly convergent on ΰ to a function u. It is clear that u satisfies the conditions (2) and (3). Using Friedman-Schauder interior estimates (Friedman [2] , Theorem 5 p. 64) one can easily prove that u satisfies the equation (1).
Remark. In the above proof we followed the argument used in the proof of Theorem 9 in Friedman [2] Proof. A solution to this problem is given by the formula
where u(x, 0) is a solution of the Fredholm integral equation of the second kind
3. In this section we investigate the existence of a solution of the problem (1), (2) and (3) 
where Ω is an unbounded domain in R n .
In the next theorem we give a general method of constructing a solution. We shall need the following assumptions for all x e Ω and 0 < δ 1 < δ 2 < δ 0 .
For a sequence {R p } of positive numbers we define
(B 3 ) There exists a sequence of positive numbers R p converging to oo asp-^oo such that the problem (1), (2) and (3) We are now in a position to construct a solution of the problem (1), (2) and (3). The construction given in the proof of Theorem 7 below is a modification of the method used by Krzyzaήski [4] 
By the assumption (B 3 ) for every p there exists a unique solution u ? in C^φ) Π Cφ) of the problem 
Since w satisfies the condition (3), it is clear that
By the assumption (B 3 ) this problem has a unique solution z. 
. If fe E H (R n X (0, T]) is a Holder continuous function on every compact subset of Rn X [0, T] and Ψ e E H (R n ) Π C(R n \ then the problem (1), (9) has a unique solution in E H
Proof Let ^ be a continuous function belonging to E H (R n X (0 , T (2) and (3) has a unique solution on every D p . Applying Theorem 7 the result easily follows.
In the sequel we shall need the following result. 
Co

-βo
In the general case we use the transformation u(x, t) = v(x, t)e~( Co/2)t .
4. In this section we derive an integral representation of the problem (1), (2) and (3) in an infinite strip and in a bounded cylinder. 
Then the unique solution in C 21 (R n X (0, T]) Π C(R n [0, T]) Γ) E H (R n X (0, T]) of the problem (1), (9) with f = 0 is given by (10) u(x,t)= f P(x,t,y)Ψ(y)dy,
J Rn
for (x, t) e R n χ (0, T], where P(x, t, y) as a function of (x, t) satisfies the equation LP = 0 in R n X (0, T] for almost all y e R n . Moreover P satisfies the equation (11) P(x, t, y) = -ί Γ(x, t; z, 0) Σ β^Piz, T t , y)dz + Γ(x, t; y, 0)
for all (x, t) e R n X (0, T] and almost all y e R n , where Γ(x, t, y, 0) is the fundamental solution of Lu = 0.
Proof, Let Ψ be a continuous and bounded function in L 2 (R n ). By Lemma 2 the unique solution of the problem (1), (9) 
We first prove that for each δ > 0 there exists a positive constant C(δ) such that
To prove (12) we first assume that -1< β 0 < Σf=iβi( χ ) < 0 on R n , where β 0 is a positive constant. Consider the Cauchy problem for the homogeneous equation (1) In the following theorem we shall show that p and P tend to infinity at the same rate as f for all (x, t) e D m and almost all y e {\x\ < m}, where p m denotes "p-function" for the problem (1), (2) and (3) in D m . By a standard argument one can prove that {G m } and {p m } are increasing sequences converging to G and p respectively and the result easily follows. It follows from the proof of Theorem 9 (the inequality (12)) that the problem (1), (9) can be solved for Ψ e L 2 (R n ), but this requires a new formulation of the condition (9).
We shall say that a function u(x, t) defined on R n X (0, T] has a parabolic limit at x 0 if there exists a number b such that for all ϊ > 0, we have
We express this briefly by writing p -lijn (Xyt) 
Let for almost all y e R n .
5. In this section we briefly discuss the extensions of the previous results to the problem (1), (2) and (3*), where
Throughout this section it is assumed that inf^ T t > 0. We being with the maximum principle. and we get a contradiction. 
